Recent investigations on the bifurcation behavior of power electronic dc-dc converters has revealed that most of the observed bifurcations do not belong to generic classes like saddle-node, period doubling or Hopf bifurcations. Since these systems yield piecewise smooth maps under stroboscopic sampling, a new class of bifurcations occur in such systems when a xed point crosses the \border" between the smooth regions in the state space. In this paper we present a systematic analysis of such bifurcations by deriving a normal form | the piecewise linear approximation in the neighborhood of the border. We show that there can be many qualitatively di erent types of border collision bifurcations depending on the parameters of the normal form. We present a partitioning of the parameter space of the normal form showing the regions where di erent types of bifurcations occur. We then use this theoretical framework to explain the bifurcation behavior of the current programmed boost converter.
Introduction
Recent investigations have demonstrated that subharmonic oscillations and chaotic behavior observed in dc-dc chopper converters are due to bifurcation phenomena. Studies have been reported on the current mode controlled buck converter 1, 2], current mode controlled boost converter 3, 4, 5, 6], voltage controlled buck converter 7, 8, 9, 10] and the boost converter in discontinuous conduction mode 11] .
Through those investigations some problems related to the bifurcations in power electronic (PE) circuits have come to the fore. It has been found that most of the bifurcations do not belong to widely known classes like saddle-node bifurcations, period doubling bifurcations or Hopf bifurcations. In particular, it is observed that the nature and the path of a periodic orbit suddenly changes as a parameter crosses certain critical values. In many cases a periodic orbit bifurcates directly into a chaotic orbit with a few disconnected pieces. The spread of each piece then increases smoothly and they merge pairwise to give a one-piece chaotic attractor. Such bifurcations are seen in 1, 5, 12, 13, 14] . In some cases a periodic orbit of period-p seems to period double, but the period-2p orbit does not emerge perpendicularly from the period-p orbit (as it should happen in a pitchfork bifurcation). This kind of bifurcations are found in 4, 6] . In this paper we o er analytical explanation of such bifurcation phenomena.
It has been shown earlier 3, 15, 16 ] that discrete models of such systems obtained by observing the state vector at every clock instant yield piecewise smooth maps. It is therefore necessary to have a theory of bifurcations in piecewise smooth maps in order to analyse the bifurcation phenomena in a large class of power electronic circuits. In this paper we develop such a theory.
The mathematical setting is as follows. We consider a general two-dimensional piecewise smooth map g(x;ŷ; ) which depends on a single parameter . Let ? , given by h(x;ŷ; )=0 denote a smooth curve that divides the phase plane into two regions R A and R B . The map is given by g(x;ŷ; ) = ( g 1 (x;ŷ; ) forx;ŷ 2 R A ; g 2 (x;ŷ; ) forx;ŷ 2 R B (1) It is assumed that the functions g 1 and g 2 are both continuous and have continuous derivatives. The map g is continuous but its derivative is discontinuous at the line ? , called the \border". It is further assumed that the one-sided partial derivatives at the border are nite. We study the bifurcations of this system as the parameter is varied. If a bifurcation occurs when the xed point of the map is in one of the smooth regions R A or R B , it is one of the generic types, namely, period doubling, saddle-node or Hopf bifurcation. The nature of such bifurcations is well understood. But if a xed point collides with the borderline, there is a discontinuous jump in the eigenvalue of the Jacobian matrix.
In such a case an eigenvalue may not \cross" the unit circle in a smooth way, but rather \jumps" over it as a parameter is varied continuously. Such discontinuous change in the eigenvalues (or characteristic multipliers) of a xed point have been observed in the boost converter 6] and the buck converter 17]. One cannot classify the bifurcations arising from such border collisions as those occurring for smooth systems where the eigenvalues cross the unit circle smoothly. This phenomenon has been called border collision bifurcation 18, 19] . It is therefore necessary to understand what kinds of bifurcation scenarios can result from border collision. It is also necessary to have a new classi cation for such bifurcations. This problem has been tackled in the context of one dimensional maps 20] . In the present paper we give a theory of bifurcations in the more general two dimensional maps. The paper is organized as follows. In Sec.2 we derive a normal form | the piecewise linear approximation of the map in the neighborhood of the border. In Sec.3 we analyse the border collision bifurcations occurring in piecewise smooth maps. We present a partitioning of the parameter space of the normal form exhibiting various kinds of border collision bifurcations. In Sec.4 we take a power electronic circuit | the current programmed boost converter | and demonstrate the application of the theoretical framework in analysing its bifurcation behavior.
The normal form
Since the local structure of border collision bifurcations depends only on the local properties of the map in the neighborhood of the border, we study the border collision bifurcations with the help of \normal forms" | the piecewise a ne approximations of g in the neighborhood of the border.
De nex =x ? h(ŷ; ); andỹ =ŷ:
This -dependent change of variables moves the border to theỹ axis. Then the map g(x;ŷ; ) can be written g(x + h(ỹ; );ỹ; ) = f(x;ỹ; ); and the border isx = 0. Suppose that when = 0 the map f(x;ỹ; ) has a xed point P 0 on the border, that is, P 0 = (0;ỹ 0 ( 0 )) = f(0;ỹ 0 ( 0 ); 0 ): Let e 1 be a tangent vector to the borderline at point P 0 , in theỹ direction. The vector e 1 maps to a vector e 2 . We assume e 2 is not parallel to e 1 . De ne the local coordinates as the following (C.f. Fig. 1 ). Choose the point P 0 as the new origin for e 1 in the y direction and e 2 in the x direction. In these x-y coordinates, the xed point P 0 is given by (0; 0), and the border ? is given by x = 0. We de ne the new parameter = ? 0 so that 0 = 0. Choose the scales such that at =0 an unit vector along y-axis maps to an unit vector along x-axis. The phase space is now divided into the two halves L ( x 0), and R ( x > 0) and the map f(x;ỹ; ) can be written as F( x; y; ).
We can write the map F( x; y; ) in the side L in the matrix form as 
Similarly, for side R we obtain F(x; y; ) = 
where the corresponding quantities in R are de ned in a similar way. 
which is the desired 2-D normal form.
Note that if (v x + v y ) = 0, then the xed point moves along the border as varies.
Hence we assume the genericity condition (v x + v y ) 6 = 0 to ensure that a border collision occurs at = 0. It is interesting to note that L and L are simply the trace and the determinant of the Jacobian matrix of the xed point P 0 on R A side of the border ?. Let P denote a xed point of the original map g(x;ŷ; ) de ned on 0 ? < < 0 + for some small > 0, then P depends continuously on . Assume that P is in region R A when < 0 and in region R B when > 0 , and that P is on ? when = 0 . For < 0 , the eigenvalues of the Jacobian matrix of the xed point P are denoted as 1 
The values of R and R can be calculated in a similar way for > 0 . This property is very important in numerical computations. For a border-crossing periodic orbit with higher period, we examine the pth (if the period is p) iterate of the map. The matrices in (5) then correspond to the pth iterate rather than the rst iterate of the map.
When L and R are zero, the system becomes one dimensional and the normal form reduces to G 1 (x; ) = ( a x + for x 0; b x + for x > 0;
where a and b are the slopes of the graph at the two sides of the border x=0.
Some properties of the normal form G 2
Let us rst look at some properties of the normal form (5) which will be made use of in the subsequent analysis. The xed points of the system in both sides of the boundary are given by If the determinant is negative, the eigenvalues are always real and spiralling orbits cannot exist. Moreover, the xed point cannot be regular attractor or regular saddle. Thus there can be only two types of xed points:
1. For ?(1+ )< <(1+ ), one eigenvalue is positive and the other negative, and both are less than 1 in modulus | which means that the xed point is a ip attractor.
2. For > (1 + ), 1 > 1 and ?1 < 2 < 0, i.e., the xed point is a ip saddle. If <?(1 + ), then 2 < ?1 and 0 < 1 < 1. The xed point is again a ip saddle.
When referring to sides L and R, these quantities have the appropriate subscripts, i.e., 1L , 2L are the eigenvalues in side L and 1R , 2R are the eigenvalues in side R. As a xed point collides with the border, its character can change from any one of the above types to any other. This provides a way of classifying border collision bifurcations.
It may be noted that in some portions of the parameter space there may be no xed point in half of the phase space. For example, the location of L may turn out to be in side R. In such cases, the dynamics in L is determined by the character of the \virtual" xed point. We denote such virtual xed points by the overbar sign, as L and R . If the eigenvalues are real, invariant manifolds of these virtual xed points still exist and play an important role in deciding the system dynamics. A special feature of the normal form (5) is that the unstable manifolds fold at every intersection with the x-axis, and the images of every fold point is a fold point. The stable manifolds fold at every intersection with the y-axis and the pre-image of every fold point is a fold point. The argument is as follows. Forward iterate of points on the unstable manifold remain on the same manifold. In the normal form, points on the y-axis map to points on the x-axis. As an unstable manifold crosses the y-axis, one linear map changes to another linear map. Therefore the slope of the unstable manifold in the two sides of the x-axis cannot be the same unless the parameters of the normal form in the two sides of the border are the same (implying a smooth map). In case of the stable manifold, the same argument applies for the inverse map. Under the action of G 2 , the line x = 0 maps to the line y = 0. Therefore under the action of G ?1 2 , points on the x-axis map to points on the y-axis, and hence the stable manifold must have di erent slopes in the two sides of the y-axis.
Since the system is linear in each side, period-2 (or higher period) xed points cannot exist with all points in L or all points in R. However, in some parts of the parameter space, a period-2 xed point may exist with one point in L and one point in R. The eigenvalues of the second iterate are 1
From this, the condition of stability of the period-2 orbit is obtained as: (a) If the eigenvalues are real, (9) (b) If the eigenvalues are complex, i.e., if ( L R ? L ? R ) 2 < 4 L R , then the condition for stability is L R < 1 which is always satis ed in the parameter space under consideration. Therefore for the normal form G 2 , an eigenvalue of the period-2 xed point can go out of the unit circle only on the real line.
The conditions of stability of xed points of higher periodicities can be calculated in a similar manner. However, the expressions become unwieldy and are excluded in the present analysis.
Classi cation of border collision bifurcations
Various combinations of the values of L , R , L and R exhibit di erent kinds of bifurcation behaviors as is varied through zero. To present a complete picture, we break up the four dimensional parameter space into regions with the same qualitative bifurcation phenomena. If the parameter combination is inside a region, then g and G 2 will have the same types of bifurcations. If it is on a boundary, then higher order terms are needed to determine the bifurcations of g.
It should also be noted that if a certain kind of bifurcation occurs when is increased through zero, the same kind of bifurcation would also occur when is decreased through zero if the parameters in L and R are interchanged. Therefore, there exists a symmetry in the parameter space and in the following discussion it su ces to describe the bifurcations in half the parameter space. 7 
Border collision pair bifurcation
If L >(1 + L ) and R <(1 + R ); (10) then there is no xed point for < 0 and there are two xed points, one each in L and R, for >0. The two xed points are born on the border at =0. We call this a border collision pair bifurcation. An analogous situation occurs if L <(1 + L ) and R >(1 + R ) as is reduced through zero. Due to the symmetry of the two cases, we consider only the parameter region (10) .
The parameter region (10) can be subdivided into a few compartments with di erent bifurcation behaviors.
then R is an attracting xed point while L is a saddle. Therefore it is like a saddle-node bifurcation, where a periodic attractor appears at = 0. There are two special features of this saddle node bifurcation. First, the xed points are born on the border and move away from it as is increased. Second, there is no intermittency associated with this bifurcation. We rst consider the case when 1> L >0 and 1> R >0.
For (12), L is a regular saddle and R is a ip saddle. Let U L and S L be the unstable and stable manifolds of L and U R and S R be the unstable and stable manifolds of R , respectively. As shown earlier, U L and U R experience folds along the x-axis, and all images of fold points are fold points. S L and S R fold along the y-axis, and all pre-images of fold points are fold points.
For condition (12) , 1L > 2L >0 and 0> 1R > 2R . The stable eigenvector at R has a slope m 1 =(? R = 1R ) and the unstable eigenvector has a slope m 2 =(? R = 2R ). Since points on an eigenvector map to points on the same eigenvector and since points on the y-axis map to the x-axis, we conclude that points of U R to the left of y-axis map to points above x-axis. From this we nd that U R has an angle m 3 = ( L 2R )=( R ? L 2R ) after the rst fold. Under condition (12) we have m 1 > m 2 > 0 and m 3 < 0. Therefore there must be a transverse homoclinic intersection in R. This implies an in nity of homoclinic intersections and the existence of a chaotic orbit.
The unstable eigenvector at L has a negative slope given by (? L = 1L ). Therefore it must have a heteroclinic intersection with S R . There is a mathematical result, called the Lambda Lemma 21] , which says that if a curve C crosses a stable manifold transversally, then each point of the unstable manifold of the same saddle xed point is a limit point of S n>0 f n (C). Since both U L and U R have transverse intersections with S R , by the Lambda Lemma we conclude that for each point q on U R and for each -neighborhood N (q), there exist points of U L in N (q). Since U L comes arbitrarily close to U R , the chaotic invariant set must span U L in one side of the heteroclinic point.
Since all initial conditions in L converge on U L and all initial conditions in R converge on U R , and since there are points of U L in every neighborhood of U R , we conclude that the invariant set is unique. This chaotic set cannot be destroyed by small changes in the parameters. We say a chaotic attractor is robust if, for its parameter values there exists a neighborhood in the parameter space with no periodic attractor and the chaotic attractor is unique in that neighborhood 22]. This this case, since small changes in the parameters can only cause small changes in the Lyapunov exponents, where the chaotic set is stable, it is also robust.
We now investigate the stability of this orbit. The basin boundary is formed by S L . S L folds at the y-axis and intersects the x-axis at point C. The portion of U L to the left of L goes to in nity and the portion to the right of L leads to the chaotic orbit. U L meets the x-axis at point D, and then undergoes repeated foldings leading to an intricately folded compact structure as shown in Fig.2 (14) then the intersection of U L with the x-axis remains the rightmost point of the attractor and (13) still gives the parameter range for boundary crisis. But if (14) is not satis ed, the intersection of U R with the x-axis becomes the rightmost point of the attractor, and the condition of existence of the chaotic attractor changes to
For L < 0 and R < 0, L is below the x-axis and the same logic as above applies. But if L < 0 and R > 0, the stable manifold of R has a negative eigenvalue and hence U L does not approach U R from one side. Therefore, if (14) is not satis ed, there is no analytic condition for boundary crisis | it has to be determined numerically.
It may be noted that these bifurcations may also occur in the higher iterates of a piecewise smooth map while a periodic attractor exists in the lower iterate. If a chaotic attractor is born through a border collision pair bifurcation while a periodic attractor exists at a lower iterate, the chaotic attractor will not be robust. The condition for robustness stated above only ensures the absence of multiple attractors at iterates higher than that at which the boder collision pair bifurcation occurs. The absence of periodic windows in some neighborhood of the parameter space is however guaranteed.
The creation of an unstable chaotic orbit without going through boundary crisis leads to an interesting possibility. Suppose a border collision pair bifurcation occurring in the third iterate of a map leads to the creation of an unstable chaotic orbit while the period-1 xed point is stable. As the parameter is varied, there may be an interior crisis causing a sudden expansion of the attractor. But no coexisting attractor will be detected anywhere in the bifurcation diagram! All three types of border collision pair bifurcations have been observed in switching circuits, notably the voltage controlled buck converter which will be taken up in a separate paper.
Border crossing bifurcations
In all regions of the parameter space except (10), a xed point crosses the border as is varied through zero. The resulting bifurcations are called border crossing bifurcations. In the following discussions we consider the bifurcations caused by the change of the character of a xed point as varies from a negative value to a positive value.
Regular attractor to ip saddle: There is a bifurcation from a period-1 attractor to a chaotic attractor as is increased through zero. This chaotic attractor is robust.
For < 0, L is a regular attractor while R is a ip saddle. All initial conditions in L converge on to L , while initial conditions in R converge on to U R . Since U R must have a heteroclinic intersection with one of the stable manifolds of L, all initial conditions in R also converge on to L . For > 0, R is a ip saddle. As shown in Sec.3.1, there is a homoclinic intersection in R implying the existence of a chaotic orbit. As L is in R, its stable manifolds point towards R. Since there is an intersection of S R with the invariant manifold associated with 1L , all initial conditions converge on U R , making the chaotic attractor unique.
Regular attractor to spiral attractor:
For < 0, all initial conditions in R are attracted to R which is in L. All initial conditions in L converge on to L . Therefore the xed point is the unique attractor. For > 0, all initial conditions in L move linearly towards L which is in R, and all points in R spiral towards R . Therefore R is the unique attractor.
Spiral attractor to spiral attractor having the same sense of rotation:
If the spiralling orbits in L and R have the same sense, there is an overall spiralling orbit converging on the xed point. Therefore there is an unique period-1 attractor for both < 0 and > 0.
Regular attractor to regular attractor, Flip attractor to ip attractor, Regular attractor to ip attractor:
In the above three cases, for < 0, initial conditions in R move linearly to R . Since there must be a heteroclinic intersection of the stable manifolds, all initial conditions converge on L . The situation for > 0 is similar. Thus there is a unique period-1 attractor for both < 0 and > 0; only the path of the orbit changes at = 0.
Spiral attractor to spiral attractor with opposite sense of rotation: A period-1 attractor exists at both sides of = 0. There may also be coexisting attractors in the higher iterates. Spiral attractor to ip attractor:
There can be multiple attractors on both sides of , one of which is a period-1 xed point. Flip attractor to ip saddle:
In this parameter range, initial conditions in L move to R and vice versa. Therefore the dynamics is governed by the stability of the second iterate with one point in L and the other in R. For < 0, L is a ip attractor and R is a ip saddle. All initial conditions in L converge on L and all initial conditions in R go to L in the rst iteration and then converge on to L . Hence there is a unique period-1 attractor. For > 0, if (8) and (9) are satis ed, a period-2 orbit exists. The existence of heteroclinic intersection makes the attractor unique. This is like a period doubling bifurcation occurring on the borderline. In contrast with standard period doubling bifurcation, the distinctive feature of the border collision period doubling is that as is varied through zero, the bifurcated orbit does not emerge orthogonally from the orbit before the bifurcation. If (8) is not satis ed, all initial conditions move along the unstable eigenvector and no attractor can exist. If (9) is not satis ed, there is a homoclinic intersection and hence a chaotic orbit. Spiral attractor to ip saddle: For < 0, L is an attracting xed point. There may be coexisting attractors in the higher iterates.
For > 0, R is unstable. If conditions (8) and (9) are satis ed, then there is a stable period-2 orbit with points in L and R. If (8) is not satis ed, the eigenvalue of the twice iterated map is greater than unity. In that case any initial condition will diverge along the unstable eigenvector and no attractor can exist. If (9) is not satis ed, the period-2 attractor becomes unstable. In that condition, a chaotic attractor or a periodic attractor of higher periodicity can exist. There can also be coexisting attractors. All the the xed points of the rst and second iterate are unstable. Since one eigenvalue of the second iterate exceeds +1, all initial conditions go to in nity along the unstable eigenvector. Therefore there is no attractor for both positive and negative values of . Regular saddle to regular saddle:
For < 0, all initial conditions go to in nity along the unstable eigenvector of L and for > 0, all initial conditions go to in nity along the unstable eigenvector of R . Hence there is no attractor for both sides of =0.
This gives a complete description of the bifurcations that can occur at various regions of the parameter space of the normal form (5) . The resulting partitioning of the parameter space for positive determinant case is shown in Fig.3 and that for negative determinant case is shown in Fig.4 . Representative bifurcation diagrams of the cases (where attractors exist) are shown in Fig.5 .
The boost converter
In our present study we take a peak current controlled boost converter ( Figure 6 ) operating in continuous current mode (CCM). In this control logic, the switch is turned on by clock pulses that are spaced T seconds apart. When the switch is closed, the inductor current increases till it reaches the speci ed reference value I ref . The switch opens when i = I ref .
Any clock pulse arriving during the on period is ignored. Once the switch has opened, the next clock pulse causes it to close. We adopt sampled data modeling in the form of \stroboscopic map", where the state variables are observed in synchronism with the clock. Let the normalized state variables at a clock instant be I n , V n , and those at the next clock instant be I n+1 , V n+1 . There are two ways in which the state can move from one clock instant to the next (see Fig.7 ).
A clock pulse may arrive before the current reaches I ref (Fig.7a) . In that case the map can be obtained by solving the equations for the on-state with V n and I n as the initial conditions. I n+1 = T 0 2 + I n (18) V n+1 = V n e ? (19) If the inductor current reaches I ref before the arrival of the next clock pulse (Fig.7b) , the map would include an on and an o period. In this case the on-period t on is obtained by using the nal value I = 1 and the states at the next clock instant are found by solving The borderline (Fig.7c) between the two cases is given by the the value of I n for which the inductor current reaches I ref exactly at the arrival of the next clock pulse, Thus (18) and (19) apply if I n I border , while (20) and (21) apply for I n I border .
In the above expressions we have assumed an oscillatory solution ( <1) of the second order di erential equation in the o period. The normal design procedures, based on obtaining continuous current mode and low output voltage ripple, usually give parameter values which satisfy this condition. However, in order to investigate non-standard regions of the parameters space, one would need to obtain the map from the nonoscillatory solution also. Such a map, including the parasitic elements like resistances of the inductor and capacitor, is available in 3]. Inspection of the above expressions of the stroboscopic maps reveals that the state space is divided into two distinct regions, with two di erent expressions for the map. A \borderline" in the state space divides these two regions. The map is continuous throughout the state space. But the derivatives are continuous only in the two regions and are discontinuous at the borderline. The stroboscopic map of the boost converter is therefore piecewise smooth.
In this circuit it has been observed 6, 3] that the asymptotic orbit of the system changes with the change in a bifurcation parameter. Moreover, the overall bifurcation structure changes with a \secondary bifurcation parameter". In the normalized map there are three primary bifurcation parameters ; and T 0 . We show the bifurcation diagrams in Fig.8 where has been taken as the primary bifurcation parameter and is taken as the secondary bifurcation parameter.
To obtain a bifurcation diagram, we plot the value of I n after elimination of the transients for each . We also plot the value of I border on the bifurcation diagram to identify border collisions. Everytime I n crosses I border , there is a border collision bifurcation which is clearly visible in the bifurcation diagram.
These diagrams are consistent with the experimental results reported in 23]. We therefore refrain from presenting experimental bifurcation diagrams in this paper for the sake of brevity. We seek to explain the observed bifurcation structures in the light of the theory developed in the last section.
In all the bifurcation diagrams, a period-1 orbit undergoes period doubling. But the subsequent bifurcation structures are di erent. In Fig.8a , the period-2 orbit directly bifurcates into a chaotic orbit. The Lyapunov spectrum (Fig.8d) shows that the maximal Lyapunov exponent becomes positive after this bifurcation. The orbit is not quasiperiodic as supposed in 6] because Lyapunov exponent jumps from negative to positive discontinously at the border collision rather than crossing it with a zero value continuously.
It may be noted however that the spread of the chaotic orbit is initially very small which increases smoothly as the parameter is increased. In this situation, some of the general purpose computer programs may fail to compute maximal Lyapunov exponent correctly (showing a zero value) till the spread increases to an appreciable extent. For our calculations, we have used the program DYNAMICS 24] .
The bifurcation diagram shows that one of the points of the period-2 orbit collided with the border at = 0:2165 (point A). To compute the eigenvalues, we note that for I n > I border , the Jacobian is given by The Jacobian of a period-n xed point is calculated by multiplying the Jacobians of each xed point depending on their locations.
Computation of the properties of the period-2 xed point before and after the bifurcation gives L = 1:3192; L = 0:5756; R = ?0:6079 and R = ?0:6697. This means that it is a border collision bifurcation from a spiral attractor to a ip saddle and in the second iterate a xed point bifurcates into a chaotic attractor. For = 0:25 (Fig.8b) , after rst period-doubling bifurcation at =0.2691, eigenvalues of the linearly attracting period-2 orbit approach each other and at =0.2527 they become complex. This spirally attracting orbit collides with the border at =0.2165 (point C). The computation of eigenvalues before and after border collision gives L = 0:6701; L = 0:3126; R = ?1:0655 and R = ?0:4354. Thus at this bifurcation a spiral attractor turns into a ip saddle and by the foregoing theory, the parameters of the normal form satisfy the conditions of the border collision period-doubling bifurcation.
The resulting period-4 orbit undergoes normal period-doubling and period-8 orbit again collides with border at =0.2085 (point B). In this case we compute the eigenvalues of 8th iterate before and after border collision and obtain L = 1:0188; L = 0:0274; R = ?1:9752 and R = ?0:0358. This is a bifurcation from regular attractor to ip saddle, where we expect a periodic orbit to bifurcate into a chaotic orbit.
Note that the parameter appears in the exponent in (19) and in the Jacobian for I < I border . Therefore it changes the character of the xed point after border collision, which, in turn, a ects the subsequent bifurcation phenomena. This explains why acts as a secondary bifurcation parameter as observed in 6]. Now we come to 
Conclusion
In this paper we have developed a complete theory of border collision bifurcations in piecewise smooth two-dimensional maps as a theoretical tool for analysing the bifurcation phenomena in switching circuits. By deriving the normal form, we have demonstrated that the nature of the border collision bifurcations depend only on the trace and determinant of the map at the two sides of the borderline in the state space. We have presented a partitioning of the parameter space of the normal form giving qualitatively di erent types of bifurcation phenomena. We have also demonstrated the practical application of the theory by analysing the bifurcations in the current programmed boost converter. R is marked by the small cross inside the attractor. 
